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Emergene of symmetry from random n-body interations
Alexander Volya
Department of Physis, Florida State University, Tallahassee, FL 32306-4350, USA
(Dated: November 27, 2018)
An ensemble with random n-body interations is investigated in the presene of symmetries. A
striking emergene of regularities in spetra, ground state spins and isospins is disovered in both
odd and even-partile systems. Various types of orrelations from pairing to spetral sequenes and
orrelations aross dierent masses are explored. A searh for interpretation is presented.
Reent progress in ab-initio treatment of light nulei
show unambiguously the essential role played by the
three and four-body fores [1, 2℄. With the advanement
of the mesosopi physis and with the ability to manip-
ulate interations the question how n-body interations
play out in the many-body physis beomes inreasingly
important.
It is known sine the Wigner-Dyson random matrix
theory (RMT) [3℄, see also [4, 5℄, that omplex ongu-
ration mixing driven by many-body fores have generi
statistial features whih also depend on the nature of
interation [6℄. Symmetries have a robust eet, whih is
not fully understood. Reently, a remarkable geometrial
ordering have been numerially found in the Two-Body
Random Ensembles (2-BRE)[7℄. The main question is
entered around the disproportionally large probability
for the ground state (g.s.) spin J to be zero, J0 = 0, in
the even-partile system. Manifestations of the symme-
try were seen in features of the mean-eld [8, 9℄, and in
transition probabilities indiating vibrational and rota-
tional low-lying spetra [10℄. Starting from the pioneer-
ing paper [7℄ over a hundred works were published by
dierent groups striving to understand the emergene of
symmetries, their role and origin in the 2-BRE. The sum-
mary of these eorts may be found in reviews [10, 11, 12℄.
The suess is mixed, we understand that pairing [13℄ and
time-reversal [14℄ are not the primary auses. The boson
approximation of fermion pairs and haos arising from
omplex geometrial ouplings, the geometri haoti-
ity, provide some qualitative understanding of the trend;
more quantitative explanations have been suggested in
Refs. [15, 16℄ via numerial observations of geometrial
orrelations and diagonalization of the individual inter-
ation terms. Nevertheless, the simple question of sym-
metry and haos asks for a simple answer whih is still
missing. Driven by the quest for understanding of in-
terplay between symmetry and many-body omplexity
and the general interest and importane of many-body
interations in modern physis in this work we address
the n-body Random Ensembles (n−BRE) with symme-
tries. The evolution of spetrum and level spaing for
the Gaussian n-BRE without symmetries is disussed in
Ref. [6℄.
The n-body rotationally invariant interation Hamil-
tonian is dened as
H(n) =
∑
αβ
∑
L
V
(n)
L (αβ)
L∑
M=−L
T
(n)†
LM (α)T
(n)
LM (β),
where operators T
(n)†
LM (α) are n-body reation operators
oupled to a total angular momentum L and magneti
projetion M , T
(n)†
LM (α) =
∑
12...n C
LM
12...n(α) a
†
1a
†
2 . . . a
†
n,
here 1 is the single-partile index. For n = 2 the oe-
ients CLM12 are proportional to the Clebsh-Gordan oef-
ients and index α is uniquely dened by single-partile
levels involved. For n > 2 the index α must inlude ad-
ditional information about the oupling sheme. Here
we dene the basis set of normalized n-body operators
T
(n)
LM (α) from a full set of orthogonal n-body eigenstates
T
(n)†
LM (α)|0〉 of an arbitrarily hosen referene two-body
Hamiltonian H
(2)
0 , solved numerially. The exat form
of this Hamiltonian is irrelevant as long as it preserves
rotational and other symmetries of the problem.
The n-BRE is dened as a set of n-body interation
Hamiltonians that for an n-partile system leads to a
Gaussian Orthogonal Ensemble (GOE) within every sym-
metry lass. The interation strengths V
(n)
L (α, β) are
seleted at random with normal distribution entered
at zero 〈V
(n)
L (α, β)〉 = 0 and unit diagonal variane
〈V
(n)
L (α, β)V
(n)
L′ (α
′, β′)〉 = δLL′δαα′δββ′(1 + δαβ)/2. The
time reversal symmetry sets V
(n)
L (α, β) = V
(n)
L (β, α),
thus we assume ordered labels α ≥ β. The ensemble
is H
(2)
0 independent. The variane denes the energy
unit. Our ensemble extends the n-body Embedded GOE
[17, 18℄ by inorporating symmetries. Inlusion of the
isospin symmetry is straightforward.
Through the text we use P [event] to denote hanes of
observing a ertain event in the n-BRE. Most ommonly
we disuss J(N)0 whih is an event where g.s. of an
N -partile system has spin J ; the subsript reets the
order in exitation energy, 0-for g.s. 1-rst exited state,
and et. Where obvious we omit the expliit referene to
the partile number N.
We start with a single j-level model of 2j + 1 degen-
eray with N idential fermions. In Fig. 1 some exam-
ples are shown. In the speial ase of n = 1, the mean-
eld only, all many-body states are degenerate. Here
by denition we assume an equiprobable ordering of the
states in the spetrum. Thus, the probability to observe
2a g.s. with a spin J , P [J0] is by denition proportional
to the number of many-body states with this spin in the
model spae d(J). Following the semi-lassial onsider-
ation of the random-walk-type vetor ouplings, see also
[19℄ d(J) ∼ (2J + 1) exp[−3J(J + 1)/2Nj(j + 1)] whih
disfavors both J = 0 and the maximum possible spin
Jmax = N(2j + 1 −N)/2. The equiprobable ordering is
in drasti ontrast to the 2-BRE where g.s. is most likely
to be J0 = 0 and the probability for J0 = Jmax is large,
Fig. 1. The preponderane of P [00] beomes stronger
for the n-BRE with higher n, and at the same time the
hanes of Jmax as g.s. quikly diminish. For n = 4 and
5, apart from the dominant J0 = 0, the states with spins
J0 = 2, 4, 6, 8 have small, few perent-level, hanes to
appear as g.s.
The middle panel in Fig. 1 orresponds to the N = 7
odd-partile system. The lowest bar in the staked his-
togram shows the P [j0] (where j = 19/2) that an be
interpreted as a single partile oupled to the J = 0
N = 6 ore. While for the 2-BRE P [19/20] = 12.4(4)%
(note that P [13/20] =14.5(4)%), the P [19/20] is big-
ger for n = 3, 4 and 5. The maximum spin probability
P [(91/2)0] is enhaned for the 2-BRE but similarly to
the even-partile system delines for larger n. Here, and
on some oasions below we inlude statistial errors due
to a limited number of random realizations tested.
An important ase of n = N is not show in Fig. 1 be-
ause of its drasti ontrast to the n < N situations.
Here, within eah symmetry lass the Hamiltonian ma-
trix is represented by the GOE for whih with inreas-
ing dimensionality d(J) the distribution of eigenvalues
quikly onverges to the Wigner semiirle with the ra-
dius
√
2d(J). A detailed quantitative analysis an be
done using the RMT but it is lear that the probability
P [J0] strongly favors those spins J with the highest di-
mensionalities d(J). For example, forN = 8 j = 19/2 the
highest dimensions are 179, 178, 173, and 169 for spins
J =12, 14, 16, and 10; the orresponding probabilities
P [J0] in the 8-BRE are 41, 35, 13 and 5%, respetively.
For lower n = N − 1 the hange in the spin statistis of
g.s. ours abruptly.
Although pairing was ruled out as an explanation for
the 2-BRE given its dominane in realisti systems it is
worth revisiting this question for the n-BRE. In Fig. 2
the evolution of seniority s (the number of unpaired par-
tiles) as a funtion of n is shown. The seniority s is
evaluated using expetation value in the state of interest
|N,α〉 of the L = 0 pair operator, whih is unique in a
single-j 〈N,α|T
(2)†
00 T
(2)
00 |N,α〉 = (N − s)(2j + 3 − N −
s)/ {2(2j + 1)} .
Surprisingly, the paired state is favored by the three-
body fores. Signiant lowering of the seniority for
n = 3 is a robust result in all ases onsidered Fig. 2.
Given that the P [00] goes up for higher n while s is in-
reasing for n > 3 pairing still does not explain the pre-
ponderane of the zero spin g.s. The struture of the two-
body fores on a single-j level is known to failitate se-
niority onservation, only about a third of the j−1/2 in-
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Figure 1: (Color online) The staked-bar histogram showing
the distribution of ground states with a given angular mo-
mentum J for a single j-system, with j and N as marked.
The histograms are shown as a funtion of n for dierent n-
BRE. For the n = 1 ase we assign probability proportionally
to the number of states with that spin. The staking order
is marked, and orresponds to the inreasing J starting from
Jmin, with the exeption of the odd-N where Jmin ≡ j. The
spins J with P [J0] < 2% are not separately identied, their
umulative probability is shown with the white bar, labeled
other.
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Figure 2: The ensemble averaged seniority s is shown as
a funtion of n for the n-BRE. Left panel orresponds to
j = 19/2 with onneted by line points for dierent parti-
le numbers. Only (Jmin)0 ground state realizations are se-
leted, namely J0 = 0 for N even and J0 = 19/2 for odd. On
the right the half-oupied system N = 8 j = 15/2 is exam-
ined, whih shows the average seniority in realizations with
g.s J0 = 0, 2 and 4. For the n = 1 ase, (equiprobable ground
state distribution) the average seniority of states with a given
spin is quoted.
dependent linear ombinations of interation parameters
V
(2)
L mix seniorities, seniority is a good quantum number
for any interation on j < 9/2 [20℄. There is lowering of
seniority against the average (n = 1) for n = 2 and per-
haps explanation for n = 3 pairing enhanement lies in a
similar seniority onserving struture of the three-body
interations. This question is a subjet for future work.
The partile number N and the Casimir operators for
the symmetry groups suh as J2 and T 2 are onserved
quantities, and in eah random realization of the Hamil-
3tonian are expeted to desribe its oherent part. In the
2-BRE the partile-hole transformation an be used to
obtain a oherent J2-dependent omponent of the Hamil-
tonian 〈H(2)〉J = V˜1J
2. The moment of inertia oeient
V˜1 is given via angular momentum reoupling oeients,
for a single-j it is
V˜1 =
∑
L
3(2L+ 1)
j(j + 1)(2j + 1)
{
j j 1
j j L
}
V
(2)
L . (1)
The 2-BRE g.s. spin systematis follows from here; see
also geometri haotiity arguments [13℄. The V˜1, be-
ing a sum of random numbers with normal distribution
entered at zero, is itself a normally distributed random
variable with equal hanes of being positive and nega-
tive. Thus the P [00] = P [(Jmax)0] = 1/2. This predi-
tion qualitatively desribes the observations, although it
is distorted by other inoherent interation terms .
The emergene of the moment of inertia in eah real-
ization of interation is further supported by the mass
number independene of the 2-BRE results. Indeed, the
moment of inertia (1) is partile-number independent,
thus for a given realization of the two-body Hamilto-
nian if V˜1 > 0 the g.s. spin is zero J(N)0 = 0 for any
even N (j for odd); similarly for V˜1 < 0 the g.s. is
Jmax(N). To quantify the orrelation between the statis-
tis for dierent N we onsider the joint probability that
all systems from N = 5 to half-oupied, simultane-
ously have the maximum spin P [Jmax(5)0, Jmax(6)0, ...].
The same an be done for the minimum spin Jmin
whih we dene to be zero for an even N and s.p. j
for odd. Beause of the partile-hole symmetry the
eigenvalues of the 2j + 1 − N system apart from a
monopole onstant shift in energy are idential to the
N -partile system. In an unorrelated ase the joint
probability is a produt of the independent probabilities
P [J(N1)0, J(N2)0, . . . ] =
∏
i P [J(Ni)0] whih is gener-
ally small. On the other hand, if strong orrelations
exist the joint probability is of the order of individual
P [J0]. In our example j = 19/2 with N = 5, 6 . . .10
P [Jmax(5)0 . . . Jmax(10)0] = 6.6% in the 2-BRE, while
unorrelated produt is four orders of magnitude smaller
P [Jmax(5)0]P [Jmax(6)0] . . . P [Jmax(10)0] = 2.1·10
−4%.
In Tab. I we show the total weighted orrelation whih for
a general set of events J, J ′, J ′′, J ′′′ . . . is dened as
C [J, J ′, J ′′, . . . ] =
log (P [J ]P [J ′]P [J ′′] . . . )
log (P [J, J ′, J ′′, . . . ])
− 1. (2)
If ground states in k systems with dierent masses are
not orrelated then C = 0. While in the ase of full
orrelation the ratio of logarithms is approximately equal
to k and C = k − 1, meaning that the g.s spin in one
system is suient to predit g.s. spins in all other k− 1
dierent mass-systems.
The situation with n-body fores is more omplex as
oherent higher order terms appear. For the 3-BRE
〈H(2)〉J = (V˜
′N + V˜ )J2 and the moment inertia is
2-BRE 3-BRE 4-BRE
N Jmin Jmax Jmin Jmax Jmin Jmax
5 16.0 10.1 36.3 2.9 7.7 0.2
6 52.3 10.5 66.4 3.1 83.0 0.0
7 12.4 11.8 39.1 4.8 33.0 0.5
8 42.7 12.1 63.2 5.0 84.3 1.1
9 9.5 12.3 31.1 6.5 33.7 2.3
10 31.2 11.5 48.6 7.1 65.5 2.6
C 1.883 3.806 1.560 3.266 0.435 0.000
Table I: Summary of g.s. statistis for minimum and maxi-
mum spin, and orrelations aross dierent mass numbers N
for a single j = 19/2 valene spae with 2,3, and 4-body ran-
dom interations. The rst six rows orrespond to P [J(N)]
expressed in perent. The lowest row shows orrelation C, for
all partile numbers N = 5, 6, 7, 8, 9, and 10. Columns reet
the type of ensemble and Jmin or Jmax.
partile-number dependent. However, the 3-BRE is ex-
peted to be similar to the 2-BRE where the g.s. spin
statistis is ditated primarily by the sign of the mo-
ment of inertia whih equally favors both Jmin and Jmax.
Although the eet is redued by inoherent intera-
tion omponents the preponderane of Jmin and Jmax
is seen in Fig. 2 and Tab. I. The N -dependene redues
the amount of orrelation between systems of dierent
masses, see Tab. I. However, the variations of N whih
is relatively large and positive are usually insuient to
hange the sign in the moment of inertia and therefore
orrelations between systems of dierent N are strong.
The angular momentum dependent part in the 4-body
fores is given by a more ompliated expression with
four possible, normally distributed, interation terms
〈H(2)〉J = ( ˜V ′′1 N
2+V˜ ′1N + V˜1)J
2 + V˜2J
4. The oe-
ients V˜2, V˜1, V˜
′
1 , and V˜1
′′
are given by orrelated nor-
mal distributions but beause of geometri omplexity
in the reoupling oeients and a large number of 4-
body interation parameters these orrelations are small.
The P [(Jmax)0] is expeted to be signiantly redued,
with more hanes going to the P [(Jmin)0] whih is al-
ways a loal minimum for non-negative J2, Tab. I and
Fig. 1. Only for a large partile number the term V ′′1 N
2J2
in the Hamiltonian seems to dominate enhaning the
P [(Jmax)0] , Tab. I. Beause of the strong N -dependene
in the moment of inertia and presene of the entrifugal
distortion V˜2 for n = 4 there is muh less orrelation be-
tween g.s. spins for systems with dierent masses, Tab. I.
The prevailing spin sequene of low-lying states pro-
vides yet another information about the oherent sym-
metry struture of interations. The hanes to nd g.s.
with spin J0 = 0 followed by the rst exited state with
J1 = 2 and then by the seond exited state J2 = 4 are
high. In Tab. II this probability P [00, 21, 42] is shown
along with the average ratio of the exitation energies for
the 21 and 42 states. The typial numbers between 2 and
10 % reet extremely high probability ompared to the
42-BRE 3-BRE 4-BRE
P E1/E2 P E1/E2 P E1/E2
6 3.7(2) 0.55 4.2(2)* 0.69 4.4(7)* 0.69
8 4.2(2)* 0.59 5.5(2) 0.67 7.4(11) 0.75
10 2.1(1)* 0.72 5.2(2) 0.69 7.3(10) 0.62
Table II: Probability of nding the three lowest states as a
sequene 0,2,4, P [00, 21, 42] , labeled as P , expressed in per-
ent, and the ratio of exitation energies between 21 and 42
states. In all ases the sequene 0,2,4 in the most likely g.s.
sequene exept for those marked with *.
hanes of nding this sequene in a random list of spins.
However, the term sequene must be used with reserva-
tions, the weighted orrelational entropy (2) between the
joint P [00, 21, 42] and the produt of independent P [00],
P [21] and P [42] is only about C [00, 21, 42] ≈ 0.4 in all
ases. The number is omparable to unity showing def-
inite orrelations, but they are not strong and the high
probability to observe the sequene omes partially from
the independently high hanes of nding low-lying states
with angular momenta 0, 2 and 4. These states do not
always form a rotational band whih would lead to the
ratio of exitation energies E1/E2 = 0.3. It is likely that
the members of the ground state band are often higher
in energy and further work is needed to identify them.
We onlude this work by showing the statistis of g.s.
quantum numbers for systems with the rotational and
isospin symmetries in Fig. 3. The preponderane of the
symmetri g.s. with (J T ) = (0 0) is robust for every
partile number divisible by 4. Although geometrially
(0 0) state is possible in j = 19/2 N = 10 it does not
appear as g.s. The possibility of α-type orrelations is
to be investigated in the future. The g.s. in the N = 9
system an be explained as a single partile oupled to
the N = 8 ore, thus T0 = 1/2 is favored along with
(9/2 9/2) and (49/2 1/2), the maximum isospin or spin
states. For N = 10 the P [(J T )0] is only substantial
when either J = 0 or T = 0 with lear preferene to
the quantum numbers of two oupled idential j = 9/2
fermions (J + T is odd). The preponderane of the min-
imum or maximum in either spin or isospin appears in
all ases. Probability to nd g.s. with Jmax or Tmax di-
minish with higher n. The overall piture is in qualitative
agreement with the hypothesis disussed above: that the
powers of J2 and T 2 operators appear with random sign
as property of the oherent interation omponents in
eah realization. The mixed terms, suh as J2T 2 do not
single out a partiular (J T ) pair. In relation to a more
omplex shell model studies it is interesting to mention
a p-shell (j = 3/2 and j = 1/2) odd-odd 10B ase, where
results are similar to the above study favoring g.s. of ou-
pled two-partile quantum numbers. For a degenerate p
levels P [(1+0)0] = 19.1(4)%, P [(3
+0)0] = 36.6(6)%, and
P [(0+1)0] = 21.3(5)% for 2-BRE; the same numbers are
25.6(5), 30.5(6), 24.5(5) for 3-BRE; and 30.3(6), 29.9(6),
23.2(5) for 4-BRE, respetively. The hanes of (JpiT )0
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Figure 3: Statistis of g.s. quantum numbers labeled as (J T )
for isospin 1/2 fermions on a single j = 9/2 level. The panels
from left to right orrespond to N = 8, 9, and 10. The n = 1
is equiprobable distribution. Notations are similar to Fig. 1.
being (1+0) grow with n, although the statistis has little
to do with the realization hosen by nature [1, 2℄. Fur-
ther exploration of more omplex models will be reported
elsewhere.
To summarize, in this work the ensembles of fermions
interating randomly with symmetry onserving many-
body fores have been onsidered. The preponderane
of symmetry dominated ground state was observed. The
eet is generally stronger for the higher n-body fores.
The possibility of orrelated paired ground state is dis-
ussed and a surprising enhanement of pairing with
three-body fores is observed. An explanation based
on the oherent omponents of interation is suggested,
whih qualitatively desribes the results. The strong or-
relations between systems of dierent partile-number,
mass dependene of probabilities, and orrelated se-
quenes of states support this theoretial hypothesis.
This work opens many future avenues for investigation,
studies and ideas [7, 13, 16, 21℄ from random two-body
ensembles an be extended. The onset of oherene: pair-
ing, in isovetor or isosalar form, α-partile four-body
lustering, shape properties and vibrations are all inter-
esting and important questions for future investigations.
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